We study analytically and numerically the three-dimensional U (1) lattice gauge theory at finite temperature in the dual formulation. For an appropriate disorder operator, we obtain the renormalization group equations describing the critical behavior of the model in the vicinity of the deconfinement phase transition. These equations are used to check the validity of the Svetitsky-Yaffe conjecture regarding the critical behavior of the lattice U (1) model. Furthermore, we perform numerical simulations of the model for N t = 1, 2, 4, 8 and compute, by a cluster algorithm, the dual correlation functions and the corresponding second moment correlation length. In this way we locate the position of the critical point and calculate critical indices.
Introduction
The Svetitsky-Yaffe conjecture [1] states that, if the correlation length of a D-dimensional finite-temperature gauge theory with a given symmetry group G diverges at the transition point, then the gauge theory belongs to the same universality class of the (D − 1)-dimensional spin model possessing the center of the group G as global symmetry. This connection at criticality is relevant for a large class of gauge systems and turns out to be fundamental in understanding the deconfinement phase transition of heavy colored charges, i.e. pure gauge QCD.
The validity of the Svetitsky-Yaffe conjecture in presence of an infinite-order phase transition is yet to be verified. This is the case, for instance, of the deconfinement phase transition in the finite-temperature 3D U(1) lattice gauge theory (LGT). If the SvetitskyYaffe conjecture holds, this theory should belong to the universality class of the 2D XY model, which is known to undergo a Berezinskii-Kosterlitz-Thouless (BKT) [2, 3] phase transition. This means that the two models should exhibit the same critical indices, thus implying a common dynamical behavior at criticality. In general, critical indices are extracted from the study of the dependence of the order parameter on the couplings of the theory near the transition point. In finite-temperature 3D U (1) LGT, as well as in the 2D XY spin model, due to the Mermin-Wagner theorem [4] , no spontaneous symmetry breaking can occur and, consequently, there exist no order parameter. A critical index can nevertheless be defined in 3D U(1) through the correlation function of two Polyakov loops, which is the counterpart of the spin-spin correlator in the 2D XY model. Indeed this correlation function decreases with a power law for β ≥ β c , thus implying a logarithmic potential between heavy electrons,
R ≫ 1 being the distance between test charges. The critical index η(T ) is known from the renormalization group (RG) analysis of Ref. [3] and equals 1/4 at the critical point of the BKT transition in 2D XY , η(T c ) = 1/4. For β < β c one has instead
where t = β c /β − 1, the correlation length goes as ξ ∼ e bt −ν , and the critical index ν is equal to 1/2 in 2D XY . To determine the universality class of the finite-temperature 3D U (1) LGT and to check if it coincides with that of 2D XY , the indices η and ν must be calculated and compared with 1/4 and 1/2, respectively 1 . On the analytical side, Parga studied the 3D U (1) LGT in the Lagrangian formulation [5] , explaining that at high temperatures the system becomes effectively twodimensional and, in particular, the monopoles of the original U(1) gauge theory become vortices of the 2D system. The partition function turns out to coincide (at the leading order of the high-temperature expansion) with that of the 2D XY model in the Villain representation, thus supporting the Svetitsky-Yaffe conjecture. In the RG study of Refs. [1, 6, 7] , high-temperature and dilute monopole gas approximations were used for the Villain formulation of finite-temperature 3D U(1), which helped to derive a scaling law for the effective coupling between Polyakov loops with the lattice spacing. The resulting RG equations were shown to converge rapidly with the iteration number to the RG equations of the 2D XY model. This represents a strong indication that, indeed, the nature of the phase transitions in the two models is the same. Moreover, since the scaling with the lattice spacing coincides in the two cases, one concludes that the critical index ν is the same in the two models. The critical points and the index η in the Villain formulation of finite-temperature 3D U(1) have been determined for various values of N t in [7] , via numerical analysis of the RG equations, confirming that η = 1/4.
On the numerical side, evidences that the deconfinement transition in the 3D U(1)
LGT belongs to the universality class of the 2D XY model come from our study of the phase transitions in 3D Z (N) LGT [8, 9, 10, 11] for large values of N. These models exhibit two separate BKT-like phase transitions at critical couplings, say, β 2 (N) and β 1 (N), with β 2 (N) > β 1 (N). While β 2 (N) diverges with N, the critical coupling β 1 (N) seems to converge to a value, which is expected, on general grounds, to represent the critical point of the 3D U(1)
LGT. Moreover, it turns out the critical indices at the transition in β 1 (N) do not depend on N in the interval N ∈ [5 − 20] and are compatible with the universality class of the 2D XY model. The same phenomenon occurs in the 2D Z(N) spin models for large N. This strongly suggests that 3D U(1) near criticality belongs to the universality class of the 2D XY model.
The first direct simulation of 3D U(1) on the lattice was performed on L 2 × N t lattices with L = 16, 32 and N t = 4, 6, 8 in [12] . These authors confirmed the expected BKT nature of the phase transition in the gauge model, but reported a critical index almost three times larger than that predicted for the 2D XY model, η ≈ 0.78. The more recent analytical and numerical study of Ref. [13] indicated that, at least in the limit of vanishing spatial coupling, β s → 0, i.e. on an anisotropic lattice with decoupled spacelike plaquettes, the 3D U (1) LGT exhibits the same critical behavior of the 2D XY spin model. Numerical simulations of the isotropic model, on lattices with N t = 8 and spatial extension up to L = 256, revealed instead that η ≈ 0.49, which is still far from the XY value [14] , thus leaving open the question about the universality class of 3D U (1) LGT with nonvanishing β s .
A possible explanation for this mismatch at large N t can reside in the infinite order nature of the BKT transition. Indeed, the exponential divergence of the correlation length in a BKT transition implies a very slow, logarithmic convergence to the thermodynamic limit in the vicinity of the transition. As a consequence, very large volumes are required in order to enter the scaling region and safely extract critical indices.
In [9, 10] we developed a strategy based on duality, according to which Z(N)
LGTs were mapped into spin models. This opened the way to the use of cluster algorithms, which facilitated the access to larger volumes, thus improving the description of criticality. In the present work we adjust that strategy to the study of the critical behavior of the 3D U (1) LGT. This goes through the following steps:
• Calculate the disorder operator in the dual formulations of the 2D XY spin model and in the 3D U (1) LGT in the dilute gas approximation.
• Derive and study the RG equations in the Villain formulation; compute the critical indices ν and η and give an analytical prediction for the index r related to the leading logarithmic correction.
This is the subject of Section 2. The main conclusion of these analytical investigations is that the critical behavior of the disorder operator of the 3D U (1) LGT is governed by the critical behavior of the corresponding operator in the 2D XY model. Therefore, the universality problem can be studied with the help of the disorder operator on the same theoretical footing as with the help of the Polyakov loop correlation function.
• Use the cluster algorithm in the dual formulation of 3D U(1) to determine the second moment correlation length and to locate the critical points of the deconfinement transition; then, compute the critical indices from the large distance behavior of the disorder operator.
This is done in Section 3.
In Section 4 we summarize our results and draw our conclusions.
Dual of 3D U (1)
LGT and disorder operator
We work on a periodic 3D lattice Λ = L 2 × N t with spatial extension L and temporal extension N t . With the goal of performing a RG analysis, we introduce anisotropic dimensionless couplings as
where a t (a s ) is lattice spacing in the time (space) direction, g 2 is the continuum coupling constant with dimension of an inverse length and β = a t N t is the inverse temperature. The dual of 3D U (1) LGT is given by
Here I r (x) is the modified Bessel function of first kind and order r, β 3 = β s and β 1 = β 2 = β t . When β s = 0 and N t = 1 the theory reduces to the dual of the 2D XY model. The conventional disorder operator in the XY model,
defines the free energy of the vortex-antivortex pair. It obeys the following bound [15] D
A similar disorder operator in the 3D U (1) LGT gives the free energy of a monopoleantimonopole pair. In this paper we use the following generalization of the disorder operator
(r(x) − r(y)) .
The reason for such definition will be explained shortly. We want to calculate the disorder operators (5), (7) and derive RG equations from an effective coupling which describes the behavior of these operators near criticality. For simplicity we give details of the derivation for the XY model and then explain how it can be extended to U (1) LGT at finite temperature. When both couplings are large, it is customary to use the Villain approximation, i.e.
The Villain model, obtained by taking the approximation (8) , is generally accepted to have the same universal properties as the original model [1, 5] . Let us consider first the general disorder operator
where s(x) are sources for dual variables r(x). Substituting (8) into the partition function (4), we use the Poisson summation formula to perform the summation over the variables r(x). In the case of the XY model, the disorder operator (9) is factorized in the product of the spin wave contribution and the contribution from the vortex configurations (β s = 0,
The spin wave contribution is given by (sum over repeated coordinates is understood)
while the vortex part can be presented as
Here, G x,y ≡ G |x−y| is the two-dimensional massless Green's function. Our following calculations are based on the dilute gas approximation, which can be used when β is large enough. In this case the leading contribution comes from the configurations m(x) = 0, ±1 and, taking into account the neutrality of the vortex ensemble, we obtain after a long but standard algebra
where D(r) = G 0 − G r . Taking the asymptotics of the D(r) function and combining the last equation with Eq. (11), we write down the result in the form
where
and we have introduced the vortex activity as
The RG equations can be derived from the expression for β eff , by integrating in Eq. (15) between the length scales a and a + δa, see e.g [16] . Denoting t = ln a, one finds
These equations coincide with the conventional RG equations for the XY model. This should not come as a surprise, because β eff derived above equals the corresponding effective coupling for the spin-spin correlation and for the twist free energy up to O(y 4 ) [16] . To extend this result to the finite-temperature U (1) LGT, we use the disorder operator (7) and calculate it in the anisotropic model (4). The calculations follow closely the ones for the twist free energy [7] and lead to the same expression, again up to O(y 4 ), for the β eff that controls the behavior of the twist (see formula (24) in Ref. [7] ). Hence, all the analysis of [7] remains valid for the disorder operator (7) . In particular, the fixed point of RG equations scales with N t as
An important consequence, relevant for our study, concerns the fall-off of the two-point disorder operator and the corresponding second-moment correlation length. Taking the sources in (9) in the form
we find the leading term to be
The index η for all N t is found to be
Since at the critical point β eff takes the fixed point value (18), we finally obtain the expression for the index η at the phase transition point,
In particular, it leads to η = 1/4 when c = π/2, i.e. the value that equals the conventional value obtained from the spin-spin correlation function. The leading logarithmic correction to the power-like fall-off can also be easily computed at the critical point following the standard scheme (see, for instance, Section 4 of [17] ),
Note that, r being negative, the leading logarithm appears in the denominator, in contrast to the spin-spin correlation function. The above observations imply that such RG-invariant quantities, like the secondmoment correlation length and the Binder cumulant, take universal values that are independent of N t and are known for the XY model [18, 19] .
In the next Section we combine this observation with a cluster algorithm to locate critical points for different N t and to compute the index η.
Numerical data
In this Section we simulate the dual 3D U(1) model on a L 2 × N t lattice, using the cluster algorithm described in [20] . We define the dual second-moment correlation length ξ 2 in the following way: 
where D(x, y) is the disorder operator defined in (7) and c in that equation is an arbitrary parameter, defining the numerical value of ξ 2 . In what follows we will consider c = π/3, π/2 and 2π/3. From the analytical expression for the correlation function, one can find the following scaling of ξ 2 with L at the critical point, using the method described in [18, 19] :
The values A c and B c are calculated in spin wave approximation, taking β eff = 2/π. In that case
where the sum is taken over the whole lattice and D(R) is the Green's D function calculated on a lattice of size L, which can be written as a one-dimensional sum over momentum variables. For the different values of c we calculate the values of A c and B c using (27).
Results are given in Table 1 .
To extract the critical point from the scaling of ξ 2 with L, we use the following two methods:
• At each fixed value of β, perform the fit to ξ 2 (β, L) with fixing B(β) to the known value B c ; β c is then found as the point where A(β) = A c (see Fig. 1 , left panels).
• The same procedure with A(β) fixed to the known value A c and β c found as the point where B(β) = B c (see Fig. 1 , right panels).
Results are summarized in Table 2 . We note that the values for β c obtained for N t = 8 are much larger than our previous determination in the standard formulation of 3D U(1) [14] , β c = 3.06(11), thus explaining why we found there η ≈ 0.49, a value far away from the expected 1/4.
Measuring the correlation function as a function of R in the vicinity of the critical points allowed to perform the fit to the function Γ(R) = A/2 exp(−πηD(R))(ln(R + 1)
2r + ln(L − R + 1) 2r ). The expected values for η and r, given by (22) and (24), are summarized in Table 3 .
Since the correlation function values for different R are obtained from the same set of measurements, these data cannot be used as independent points in a standard fit procedure. Indeed, the procedure we used has been the following:
• take the correlation function values for R = 25 − 50 for L = 256 and R = 50 − 100 for L = 512;
• calculate the covariance matrix W (R 1 , R 2 ) = Γ(R 1 )Γ(R 2 ) − Γ(R 1 ) Γ(R 2 ) using the jackknife algorithm;
• diagonalize W , obtaining the eigenvalues λ(R ′ ) and the corresponding transformation matrix V (R ′ , R) (R min R ′ R max ). Since the covariance matrix is symmetric,
• perform a change of basis, obtaining p(
Since the covariance matrix in the new basis is diagonal, the new P (R ′ ) variables are independent.
• make a fit to the points p(R ′ ) with weights 1/λ(R ′ ) (meaning that we minimize
Results are given in Tables 4 and 5 . Alternative ways to obtain η are (i) through the scaling with L of the susceptibility of the magnetization at the critical point, χ = AL −γ/ν , using the formula η = 2 − γ/ν, or (ii) through the scaling with L of the magnetization at the critical point, M = AL −β/ν , using the formula η = 2β/ν, which assumes the validity of the hyperscaling relation d = 2β/ν + γ/ν = 2. Once we set c in (5) to be 2π/K, we can build two equally acceptable definitions of the magnetization: the standard magnetization,
and the rotated one,
It turns out that the hyperscaling relation is better satisfied if β/ν is extracted from the standard magnetization M L and γ/ν from the susceptibility of the rotated magnetization χ M R , with respect to other possible combinations (see Table 6 for a comparison in some selected cases; here, d M * ,χ M * , with * equal to L or R, stands for the value of d obtained by the hyperscaling formula d = 2β/ν + γ/ν when β/ν is extracted from the scaling of the magnetization M * and γ/ν from that of the magnetization susceptibility χ * ). In Table 7 we summarize our determinations of the critical indices β/ν, as obtained from the scaling of the standard magnetization, γ/ν, as obtained from the scaling of the rotated magnetization susceptibility, η = 2 − γ/ν, as well as d M L ,χ M R , for N t = 1, 2, 4 and 8.
Finally, we constructed the continuum limit fitting the critical couplings β t,c from Table 2 using several dependences on N t . As estimate of the critical point we took the half-sum of the largest and of the smallest values obtained, for a given N t , considering the three possible choices for c and the two fitting methods; as estimate of its uncertainty, we took the half-difference of the same values. The best fit is given by the function β t,c = 0.772(90) + 0.600(29)N t − 0.252(64)/N t , χ 2 = 9.13 (see Fig. 2 ).
Summary
In this paper we have studied the disorder operator (7) in the dual formulation of the finite-temperature 3D U (1) LGT. We obtained and analyzed the RG equations in the Villain formulation of the model. These equations describe the critical behavior across the deconfinement phase transition. The Wilson formulation in its dual representation has been studied via numerical simulations for three values of the constant c entering the definition (7). Our main findings can be shortly summarized as follows.
• We have calculated analytically the critical indices η and r for any values of c, using the conventional RG. We have found that the critical behavior of the disorder operator of the 3D U(1) gauge theory is governed by the critical behavior of the corresponding operator in the 2D XY model. It is important to stress that the index r, describing the leading logarithmic correction, is negative for the disorder operator.
• Using a cluster algorithm, we have simulated the dual form of the 3D U (1) LGT, computed the disorder operator, the second moment correlation length, the standard magnetization and the rotated magnetization of the dual variables for three values of the constant c = π/3, π/2 and 2π/3. In this way we have located critical points of the finite-temperature model for N t = 1, 2, 4 and 8, computed the critical indices η and r and checked the hyperscaling relation.
• We have computed the critical points for several temporal extensions N t . In the continuum limit we have found T c ≈ 0.600g 2 . This value agrees with the value obtained in [7] from the study of the critical behavior of the twist free energy.
It is important to stress that, while the index η agrees reasonably with analytical and universality predictions for all values of c, this is not always the case for the index r. However, we would like to stress that both RG study and numerical simulations show that this index is negative. This is an interesting property of the disorder operator.
Our final remark concerns the check of the hyperscaling relation. Table 6 shows the value of d extracted in four possible ways. One can conclude that the hyperscaling relation is satisfied only when β/ν is calculated from the conventional magnetization and γ/ν from the susceptibility of the rotated magnetization. This remains true for all values of c and might indicate some important property of the disorder operator which we miss at the moment.
Summarizing, we would like to stress that this work, together with our previous studies, leaves little doubt, if any, that the deconfinement phase transition in finite-temperature 3D U (1) LGT belongs to the universality class of the 2D XY model, thus supporting the Svetitsky-Yaffe conjecture. 
2r ] for N t = 1 and 2; for each L, the first line corresponds to the fit with r fixed at zero, the third to the fit with a = 0. 
